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Background

* MPC for Constrained Systems (with Unknown but Bounded Uncertainties)

Tube-based MPC
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Guaranteed safety (at sampled time)
Unsafe for inter-sample trajectories

D. Q. Mayne, S. V. Rakovic, R. Findeisen, and F. Allg"ower, “Robust output feedback model predictive control of constrained linear systems,” Automatica, vol. 42, no. 7, pp. 1217-1222, 2006.
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Background

* Reachability Analysis
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(no explicit form)

A. Girard, “Reachability of uncertain linear systems using zonotopes,” in International workshop on hybrid systems: Computation and control. Springer, 2005, pp. 291-305.
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* Goal:
* Tube-MPC
* Reachability analysis (polytope and a tighter bound)
* Explicit form for non-convex constraints (obstacle avoidance)
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Problem 1 (Output-Feedback Robust MPC With Reachability Analysis)

= min Z 20t we) + V() Methods:
uk Xk
s.t.
Dynamics { 2(t) = Ax(t) + Bu(t) + Ww(¢t) + f| Time-discretization
Zy = Cxp +Dup + Vv, + g
xg € Xo £ {x | Pyx < po}
State -+ EX2{x|Px<
* @ | Bex < pa) Tube-based Method
L | xn € Xp 2 {x | Prx < pr} « Constraint tightening
Input u€U=2{ulPu<p,} * Reachability analysis
olytope and a tighter
wEW S WIS ) ) -
Noise
| vEV £ WIQ<q,)
K Obs avoidance x € X \U; % 0 Non-convex Environment
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* Time-discretization

Continuous-time Dynamics:

Zero-order hold

/%

x(t) = Ax(t) + Bu(t) + Ww(t) + f

Discrete-time Dynamics:

x(8) = eAtx(0) + j

0

t 4 N\

eAt=D(Bu(r) + Ww(t) + f)dr

~

= ax
Te[kAt,(k+1)At]

Wy = m |W(T)|

X1 = AaXxy + Bauy + Wy + fy

Ad — eAAt

At
Bd :J eATdTB
0
At
W, =j 4T W | dr
0

At
d = j eATde
0




Northeastern
University

Method

* Output-feedback Robust MPC

State-estimator: £k+1 = Adfk + Bduk + fd + L(Zk — ka — Duk — g)

L: observer gain > A; — LC Schur stable

Nominal dynamics: Xi+1 = AgXy + Bauy + f4 without disturbance

Output feedback law: | u;, = %, — K(X, — X,)

K: controller gain 2 A;- B;K is Schur stable

D. Q. Mayne, S. V. Rakovic, R. Findeisen, and F. Allg"ower, “Robust output feedback model predictive control of constrained linear systems,” Automatica, vol. 42, no. 7, pp. 1217-1222, 2006.
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* Constraint Tightening (X, U = X, U)

 Estimation error: * Tracking error:
£A4 & 40 _ 2 SA2X—X
X2 =(A; — LOXE + Wy, — LV Sk+1 = (Ag — BaK) sy + LCXy + LV vy

* Robust Positively Invariant (RPI) set:

¥ e € = @(Ad — LOY (W, W @ (—LVV)) Sk ES = @(Ad — B;K){(LCE @ LVV)
i=0 (=0

One-step optimization (to obtain £ and §) | such that

AG® = GI'y, (33a)

G, = GI',, (33b)

(I— Ak —c¢, =Gg, (33¢)
IT111+ 72|14+ Bl < 21 (33d)

V. Raghuramanand J. P. Koeln, “Set operations and order reductions for constrained zonotopes,” Automatica, vol. 139, p. 110204, 2022.
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* Constraint Tightening (X, U = X, U)

mRPI: X EE={XER P <pz} || sk €S ={s € R%:P,s < p,}
State: X =R+ % € (R} DE Control: | u, = 1, — K(%), — %)
Xk :fk+5k+fk E{fk}ea(g@g)

Set Operation: | U@V 2 {u+viueUveV}
UBSV2{uludVcU}

Nominal state: Nominal control:

Xg € Xg={Zo} D (—=8) 2 {x e R*n | QpX < qp} U, EU=UO(—KS) 2{ueR™|Q,u< q,}

X EX=XOSPE) 2{XER"| QX < qy}
INEX, =X, O DE) 2{X ER™ | QX < qf} 9




Method

Northeastern
University

Lemma 1 (Approximation of X;,,-)

Given the state set X, at time t and step k, Vr € [0, At], the state reachable
set X¢yr = ®,.(X;) att + r can be over-approximated by:

Xevr Sl || o, (B(r) + y(r) )} variant with 7
where

B() = AG) 1Bl |1kl

y(r) = A(r)d,,

A(t) = { etp@t_y :

_ otherwise,
ﬂp(A)
d, 2 sup |(—BKs)+Ww+f|,
\ SES,WeW /

x|l ,,: vector norm with p € {1, oo}
0, (r): hypercube with radius r

10
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Lemma 2 (Approximation of e4” X;)

Given a set X, attime t, Vr € [0, At], e4" X, can be over-approximated by:
e X, € P, @ Oy (an),

where
P, = CH{X,, 48X}, m‘m
ar: =k sup |lx(OIl,,
ac =K Sup p XX

k = min{ 0, el4lpAt — 1 — |4] At}

(l|4l12A82 .
EENGEL if u,(4) = 0

" 1/2

AD)) =2A(AD)+2A
lIIAIIZVAt kpA(AAD) —2A(AD+2At ., otherwise.
k2 p zﬂp(A)z

- J

0 is tighter, using logarithmic norm and Cauchy-Schwarz inequality

11

A. Girard, “Reachability of uncertain linear systems using zonotopes,” in International workshop on hybrid systems: Computation and control. Springer, 2005, pp. 291-305.



Method

Northeastern
University

.

Lemma 1 (Approximation of X;,,.)

Given the state set X; attime t and step k, Vr €
[0, At], the state reachable set X;,, = ®,.(X,) at
t + r can be over-approximated by:

Xeyr € 47X, ® O, (B(r) + ¥ (1))

Lemma 2 (Approximation of e4” X})

Given a set X, attime t, Vr € [0, At], e4" X, can
be over-approximated by:

ed" X, € P, @ O, (anr)

Proposition 1 (Inter-Sample Reachable Set)

Given the continuous-time dynamics, state set Xy, nominal
state x(t) = Xy, and nominalinput i(t) = i, at time t and
step k, as well as the process noise W and tracking error S,
the reachable set R, ¢+a4(X)on the time interval [t, t + At]
can be over-approximated as follows:

Rit,t+ae1(X) € P D Dp(aAt + [(At) + ]/(At))

12
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e Obstacle avoidance:

Keep all vertices outside of obstacles

0 = {x | Pé)x < pé},j € Z$®

13



Method

Northeastern
University

* Obstacle avoidance (find vertices):

Riterar)(Xe) € Pr @ Op(ape + BAL) +y(AD))

\ .
Pr = CH{X;, e2E X} Qar =K SUp Ix(Oll, || | BAL) = AAD) [|BIp|l1Ekllp | | ¥(AD) = A(AD)d,
x(t)e t
X =X, + S, + X, € {x,} D|(S D E) Vv, € Vert{S @ £}
Hre-computed

P, S CH{x) + v,, e (5, + 1)} x|l = 1%, + vell, < xi"

k|l < ug’

\ 4

cp (i ug) = kx” + AMAD||B||,ug” + v (At)

R[k,k+1] (Xk) - CH{)Ek + Ve + Up, eAAt (fk + Ue) + Ub}

Vv, € Vert{o,(c,(x*, u))

14
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e Obstacle avoidance:

Rik k1] Xx) € CH{Ey + v, + vy, e (X + ve) + vp}

s
s
8,: binary variable (active constraint selector) n;.: slack variable to relax constraints
.
51> 1, lzl
Pl (% + v + ) = p, —> 3(1?5—11 {61 Micd L
- _ i Po (X + Ve +vp) + 13, 2 Py

Pé)(eAAt(fk + Ue) + Ub) + 77]]( > p{@

Vertices outside of active constraints _ . _ _ .
Vertices can violate inactive constraints

15
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Theorem 1 (Continuous-Time Tube-based MPC)

A feasible and computationally tractable solution to Problem 1 can be obtained by finding the optimalu,, at
each time step as the solution to the following optimization problem:
N-1
 omin JETLE) = Z 0 T, %) + Vi (B, %)
Xk Xy Xjo» Upe, Uk, Ok, N e
. , s.t. - - —
Nominal dynamics Xp+1 = AgXy + Baily + fg, } vk € 7°
. . < — < ym N-1
Nominalinput Quil < qu, ||Urllp < ug
QoXo < qo, QrXy < qy, QrXn < qy,
State ”fk + 1Je”p < xlrcn, i
P (x <o,
AAtx(—xk + Ve + ) < Vk € ZY_,
Px(e (xk + ve) + vb) < Dx Vj € Z,"\',®,
Sx1 = 1,508 — 1: {8, m;}, Vv, € Vert{S @ &},
s avoidance Pg (X + ve + 1) + 1, = D) vy, € Vert{o,(c,(x", uiM)}
PL(e*2(xy + ve) + vp) + 17, = DY,
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Simulation

* Dynamics (Double Integrator):

x(t) = Ax(t) + Bu(t) + Ww(t)
Zr = Cx, + Duy, + Vv

0 1 0 0 - 0 07
0 on 0 1 0
o 0 0 1 0 0
0 0 0 Dy 0 1
I M. M

1 0 0 0 1 0

C_0010] Vlo1
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Single Obstacle
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* We presented
* Arigorous time-discretization
* Reachability analysis with polytopes and a tighter bound
 Tube-based MPC with inter-sample reachability analysis in a non-convex environment

* Future Work:
e Extension to nonlinear systems
* Trade-off between sample time and the size of reachable sets

19
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