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Background

• MPC for Constrained Systems (with Unknown but Bounded Uncertainties)

2

Tube-based MPC

D. Q. Mayne, S. V. Rakovi´c, R. Findeisen, and F. Allg¨ower, “Robust output feedback model predictive control of constrained linear systems,” Automatica, vol. 42, no. 7, pp. 1217–1222, 2006.

Guaranteed safety (at sampled time)
Unsafe for inter-sample trajectories



Background

• Reachability Analysis
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A. Girard, “Reachability of uncertain linear systems using zonotopes,” in International workshop on hybrid systems: Computation and control. Springer, 2005, pp. 291–305.

Zonotope (over conservative) Non-convex environment 
(no explicit form)

ℛ 𝑡,𝑡+Δ𝑡 = ራ

𝑟∈ 0,Δ𝑡

𝒳𝑡+𝑟

𝒳t

𝒳𝑡+Δt
𝒳t+r

𝒪1

𝒪2



Background

• Goal:
• Tube-MPC
• Reachability analysis (polytope and a tighter bound)
• Explicit form for non-convex constraints (obstacle avoidance)

4Without Reachability With Reachability



Problem Formulation
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𝐽 = min
𝑢𝑘,𝑥𝑘

෍

𝑘=0

𝑁−1

ℓ 𝑥𝑘 , 𝑢𝑘 + 𝑉𝑓 𝑥𝑁

Problem 1 (Output-Feedback Robust MPC With Reachability Analysis)

s.t.

𝑥 ∈ 𝒳 ∖∪
𝑗=1

𝑛⊗ 𝒪𝑗Obs avoidance

𝑢 ∈ 𝒰 ≜ {𝑢 ∣ 𝑃𝑢𝑢 ≤ 𝑝𝑢}Input

Time-discretization

Non-convex Environment

Tube-based Method
• Constraint tightening
• Reachability analysis 

(polytope and a tighter 
bound)

Methods:

𝑥0 ∈ 𝒳0 ≜ {𝑥 ∣ 𝑃0𝑥 ≤ 𝑝0}

𝑥 ∈ 𝒳 ≜ {𝑥 ∣ 𝑃𝑥𝑥 ≤ 𝑝𝑥}

𝑥𝑁 ∈ 𝒳𝑓 ≜ {𝑥 ∣ 𝑃𝑓𝑥 ≤ 𝑝𝑓}

State

ሶ𝑥 𝑡 = 𝐴𝑥 𝑡 + 𝐵𝑢 𝑡 + 𝑊𝑤 𝑡 + 𝑓
 𝑧𝑘 = 𝐶𝑥𝑘 + 𝐷𝑢𝑘 + 𝑉𝑣𝑘 + 𝑔

Dynamics

𝑤 ∈ 𝒲 ≜ {𝑤 ∣ 𝑄𝑤𝑤 ≤ 𝑞𝑤}

𝑣 ∈ 𝒱 ≜ {𝑣 ∣ 𝑄𝑣𝑣 ≤ 𝑞𝑣}
Noise



Method

• Time-discretization
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ሶ𝑥 𝑡 = 𝐴𝑥 𝑡 + 𝐵𝑢 𝑡 + 𝑊𝑤 𝑡 + 𝑓
𝑥 𝑡 = 𝑒𝐴𝑡𝑥 0 + න

0

𝑡

𝑒𝐴 𝑡−𝜏 𝐵𝑢 𝜏 + 𝑊𝑤 𝜏 + 𝑓 𝑑𝜏 𝑥𝑘+1 − 𝑒𝐴Δ𝑡𝑥 𝑘Δ𝑡 − න
𝑘Δ𝑡

𝑘+1 Δ𝑡

𝑒𝐴 𝑘+1 Δ𝑡−𝜏 𝐵𝑢 𝜏 + 𝑓 𝑑𝜏 ≤ න
𝑘Δ𝑡

𝑘+1 Δ𝑡

|𝑒𝐴 𝑘+1 Δ𝑡−𝜏 𝑊|𝑑𝜏 ෥𝑤𝑘

෥𝑤𝑘 = max
𝜏∈ 𝑘Δ𝑡, 𝑘+1 Δ𝑡

𝑤 𝜏

𝑥𝑘+1
𝑎 = 𝐴𝑑𝑥𝑘

𝑎 + 𝐵𝑑𝑢𝑘 + 𝑊𝑑 ෥𝑤𝑘 + 𝑓𝑑

Discrete-time Dynamics:
𝐴𝑑 = 𝑒𝐴Δ𝑡

𝐵𝑑 = න
0

Δ𝑡

𝑒𝐴𝜏𝑑𝜏𝐵

𝑊𝑑 = න
0

Δ𝑡

𝑒𝐴𝜏𝑊 𝑑𝜏

𝑓𝑑 = න
0

Δ𝑡

𝑒𝐴𝜏𝑑𝜏𝑓

Continuous-time Dynamics:
Zero-order hold



Method

• Output-feedback Robust MPC
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ො𝑥𝑘+1 = 𝐴𝑑 ො𝑥𝑘 + 𝐵𝑑𝑢𝑘 + 𝑓𝑑 + 𝐿 𝑧𝑘 − 𝐶 ො𝑥𝑘 − 𝐷𝑢𝑘 − 𝑔

ҧ𝑥𝑘+1 = 𝐴𝑑 ҧ𝑥𝑘 + 𝐵𝑑 ത𝑢𝑘 + 𝑓𝑑

𝑢𝑘 = ത𝑢𝑘 − 𝐾 ො𝑥𝑘 − ҧ𝑥𝑘

𝐾: controller gain → 𝐴𝑑– 𝐵𝑑𝐾 is Schur stable

D. Q. Mayne, S. V. Rakovi´c, R. Findeisen, and F. Allg¨ower, “Robust output feedback model predictive control of constrained linear systems,” Automatica, vol. 42, no. 7, pp. 1217–1222, 2006.

without disturbance

State-estimator:

Nominal dynamics:

Output feedback law:

𝐿: observer gain → 𝐴𝑑 − 𝐿𝐶 Schur stable



Method
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• Robust Positively Invariant (RPI) set:

One-step optimization (to obtain ℰ and 𝒮)

෤𝑥𝑎 ≜ 𝑥𝑎 − ො𝑥 𝑠 ≜ ො𝑥 − ҧ𝑥

෤𝑥𝑘+1
𝑎 = 𝐴𝑑 − 𝐿𝐶 ෤𝑥𝑘

𝑎 + 𝑊𝑑 ෥w𝑘 − 𝐿𝑉𝑣𝑘
𝑠𝑘+1 = 𝐴𝑑 − 𝐵𝑑𝐾 𝑠𝑘 + 𝐿𝐶 ෤𝑥𝑘 + 𝐿𝑉𝑣𝑘

෤𝑥𝑘
𝑎 ∈ ℰ = ໄ

𝑖=0

∞

𝐴𝑑 − 𝐿𝐶 𝑖 𝑊𝑑𝒲 ⊕ −𝐿𝑉𝒱 𝑠𝑘 ∈ 𝒮 = ໄ

𝑖=0

∞

𝐴𝑑 − 𝐵𝑑𝐾 𝑖 𝐿𝐶ℰ ⊕ 𝐿𝑉𝒱

• Tracking error:• Estimation error:

V. Raghuraman and J. P. Koeln, “Set operations and order reductions for constrained zonotopes,” Automatica, vol. 139, p. 110204, 2022.

• Constraint Tightening (𝒳, 𝒰 → ഥ𝒳, ത𝒰)    



Method

• Constraint Tightening (𝒳, 𝒰 → ഥ𝒳, ത𝒰)    
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෤𝑥𝑘 ∈ ℰ = { ෤𝑥 ∈ ℝ𝑛: 𝑃෤𝑥 ෤𝑥 ≤ 𝑝 ෤𝑥} 𝑠𝑘 ∈ 𝒮 = {𝑠 ∈ ℝ𝑛: 𝑃𝑠𝑠 ≤ 𝑝𝑠}

𝑥𝑘 = ො𝑥𝑘 + ෤𝑥𝑘 ∈  { ො𝑥𝑘} ⊕ ℰ

𝑥𝑘 = ҧ𝑥𝑘 + 𝑠𝑘 + ෤𝑥𝑘 ∈ { ҧ𝑥𝑘} ⊕ 𝒮 ⊕ ℰ

𝑢𝑘 = ത𝑢𝑘 − 𝐾 ො𝑥𝑘 − ҧ𝑥𝑘

ത𝑢𝑘 ∈ ത𝒰 = 𝒰 ⊖ −𝐾𝒮 ≜ {ത𝑢 ∈ ℝ𝑚𝑢 ∣ 𝑄𝑢 ത𝑢 ≤ 𝑞𝑢}

𝒰 ⊕ 𝒱 ≜ {𝑢 + 𝑣 ∣ 𝑢 ∈ 𝒰, 𝑣 ∈ 𝒱}
𝒰 ⊖ 𝒱 ≜ {𝑢 ∣ 𝑢 ⊕ 𝒱 ⊆ 𝒰}

Set Operation:

ҧ𝑥0 ∈ ഥ𝒳0 = { ො𝑥0} ⊕ −𝒮 ≜ { ҧ𝑥 ∈ ℝ^𝑛 ∣ 𝑄0 ҧ𝑥 ≤ 𝑞0}

ҧ𝑥𝑘 ∈ ഥ𝒳 = 𝒳 ⊖ 𝒮 ⊕ ℰ ≜ { ҧ𝑥 ∈ ℝ𝑛 ∣ 𝑄𝑥 ҧ𝑥 ≤ 𝑞𝑥}

ҧ𝑥𝑁 ∈ ഥ𝒳𝑓 = 𝒳𝑓 ⊖ 𝒮 ⊕ ℰ ≜ { ҧ𝑥 ∈ ℝ𝑛 ∣ 𝑄𝑓 ҧ𝑥 ≤ 𝑞𝑓}

Control:

mRPI:

State:

Nominal control:Nominal state:
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Given the state set 𝒳𝑡  at time 𝑡 and step 𝑘, ∀𝑟 ∈ 0, Δ𝑡 , the state reachable 
set 𝒳𝑡+𝑟 = Φ𝑟 𝒳𝑡  at 𝑡 + 𝑟 can be over-approximated by:
  𝒳𝑡+𝑟 ⊆ 𝑒𝐴𝑟𝒳𝑡 ⊕ □𝑝 𝛽 𝑟 + 𝛾 𝑟 ,

where 
  𝛽 𝑟 = Λ 𝑟  ||𝐵||𝑝 ||ത𝑢𝑘||𝑝,

  𝛾 𝑟 = Λ 𝑟 ҧ𝑑𝑝,

  Λ 𝑡 = ൞

𝑡,  if 𝜇𝑝 𝐴  =  0

𝑒𝜇𝑝 𝐴 𝑡−1

𝜇𝑝 𝐴
,  otherwise,

  ҧ𝑑𝑝 ≜ sup
𝑠∈𝒮,𝑤∈𝒲

| −𝐵𝐾𝑠 + 𝑊𝑤 + 𝑓|𝑝

Lemma 1 (Approximation of 𝒳𝑡+𝑟)

𝒳t

𝒳𝑡+Δt
𝒳t+r

𝑥 𝑝: vector norm with 𝑝 ∈ {1, ∞}

□𝑝 𝑟 : hypercube with radius 𝑟

variant with 𝑟 𝑒𝐴𝑟𝒳𝑡

ℛ 𝑡,𝑡+Δ𝑡 = ራ

𝑟∈ 0,Δ𝑡

𝒳𝑡+𝑟
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Given a set 𝒳𝑡  at time 𝑡, ∀𝑟 ∈ 0, Δ𝑡 , 𝑒𝐴𝑟𝒳𝓉  can be over-approximated by:
  𝑒𝐴𝑟𝒳𝑡 ⊆ 𝒫𝑡 ⊕ □𝑝 𝛼Δ𝑡 ,
where 
  𝒫𝑡 = CH{𝒳𝑡 , 𝑒𝐴Δ𝑡𝒳𝑡},
  𝛼Δ𝑡 = 𝜅 sup

𝑥 𝑡 ∈𝒳𝑡

𝑥 𝑡 𝑝 ,

  𝜅 = min{ 𝜃, 𝑒|𝐴|𝑝Δ𝑡 − 1 − |𝐴|𝑝Δ𝑡},

  𝜃 =

𝐴 𝑝
2 Δ𝑡2

2 3
,  if 𝜇𝑝 𝐴  =  0

1

2
𝐴 𝑝

2 Δ𝑡 𝜇𝑝 𝐴 Λ Δ𝑡
2

−2Λ Δ𝑡 +2Δ𝑡

2𝜇𝑝 𝐴 2

1/2

,  otherwise.

Lemma 2 (Approximation of 𝑒𝐴𝑟𝒳𝑡)

A. Girard, “Reachability of uncertain linear systems using zonotopes,” in International workshop on hybrid systems: Computation and control. Springer, 2005, pp. 291–305.

𝜃 is tighter, using logarithmic norm and Cauchy-Schwarz inequality

𝒳t

𝒳𝑡+Δt
𝒳t+r

𝑒𝐴𝑟𝒳𝑡

𝒫𝑡 ⊕ □𝑝 𝛼Δ𝑡
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Given the state set 𝒳𝑡  at time 𝑡 and step 𝑘, ∀𝑟 ∈
0, Δ𝑡 , the state reachable set 𝒳𝑡+𝑟 = Φ𝑟 𝒳𝑡  at 

𝑡 + 𝑟 can be over-approximated by:
 𝒳𝑡+𝑟 ⊆ 𝑒𝐴𝑟𝒳𝑡 ⊕ □𝑝 𝛽 𝑟 + 𝛾 𝑟

Lemma 1 (Approximation of 𝒳𝑡+𝑟)

Given a set 𝒳𝑡  at time 𝑡, ∀𝑟 ∈ 0, Δ𝑡 , 𝑒𝐴𝑟𝒳𝓉  can 
be over-approximated by:
 𝑒𝐴𝑟𝒳𝑡 ⊆ 𝒫𝑡 ⊕ □𝑝 𝛼Δ𝑡

Lemma 2 (Approximation of 𝑒𝐴𝑟𝒳𝑡)

Given the continuous-time dynamics, state set 𝒳𝑡, nominal 
state ҧ𝑥 𝑡 =  ҧ𝑥𝑘, and nominal input ത𝑢 𝑡 = ത𝑢𝑘  at time 𝑡 and 
step 𝑘, as well as the process noise 𝒲 and tracking error 𝒮, 
the reachable set ℛ 𝑡,𝑡+Δ𝑡 𝒳𝑡 on the time interval 𝑡, 𝑡 + Δ𝑡  
can be over-approximated as follows:
 ℛ[𝑡,𝑡+𝛥𝑡] 𝒳𝑡 ⊆ 𝒫𝑡 ⊕ □𝑝 𝛼Δ𝑡 + 𝛽 Δ𝑡 + 𝛾 Δ𝑡

Proposition 1 (Inter-Sample Reachable Set)

ℛ 𝑡,𝑡+Δ𝑡 = ራ

𝑟∈ 0,Δ𝑡

𝒳𝑡+𝑟

𝒳t

𝒳𝑡+Δt
𝒳t+r
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ℛ 𝑘,𝑘+1

𝒪j

• Obstacle avoidance:

Keep all vertices outside of obstacles

𝒪𝑗 ≜ {𝑥 ∣ 𝑃⊗
𝑗

𝑥 ≤ 𝑝⊗
𝑗

}, 𝑗 ∈ ℤ𝑛⊗
+
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• Obstacle avoidance (find vertices):

ℛ[𝑡,𝑡+𝛥𝑡] 𝒳𝑡 ⊆ 𝒫𝑡 ⊕ □𝑝 𝛼Δ𝑡 + 𝛽 Δ𝑡 + 𝛾 Δ𝑡

𝒫𝑡 = CH{𝒳𝑡 , 𝑒𝐴Δ𝑡𝒳𝑡}

𝑥𝑘 = ҧ𝑥𝑘 + 𝑠𝑘 + ෤𝑥𝑘 ∈ { ҧ𝑥𝑘} ⊕ 𝒮 ⊕ ℰ

𝑐𝑏 𝑥𝑘
𝑚, 𝑢𝑘

𝑚 = 𝜅𝑥𝑘
𝑚 + Λ Δ𝑡 ||𝐵||𝑝𝑢𝑘

𝑚 + 𝛾 Δ𝑡

ℛ 𝑘,𝑘+1 𝒳𝑘 ⊆ CH{ ҧ𝑥𝑘 + 𝑣𝑒 + 𝑣𝑏 ,  𝑒𝐴Δ𝑡 ҧ𝑥𝑘 + 𝑣𝑒 + 𝑣𝑏}

∀𝑣𝑏 ∈ Vert{□𝑝 𝑐𝑏 𝑥𝑘
𝑚 , 𝑢𝑘

𝑚

𝛼Δ𝑡 = 𝜅 sup
𝑥 𝑡 ∈𝒳𝑡

𝑥 𝑡 𝑝 𝛽 Δ𝑡 = Λ Δ𝑡  ||𝐵||𝑝 ||ത𝑢𝑘||𝑝 𝛾 Δ𝑡 = Λ Δ𝑡 ҧ𝑑𝑝

‖𝑥𝑘‖𝑝 = ҧ𝑥𝑘 + 𝑣𝑒 𝑝 ≤ 𝑥𝑘
𝑚 ||ത𝑢𝑘||𝑝 ≤ 𝑢𝑘

𝑚

∀𝑣𝑒∈ 𝑉𝑒𝑟𝑡{𝒮 ⊕ ℰ}

ℛ 𝑘,𝑘+1

𝒪j

𝒫𝑡 ⊆ CH{ ҧ𝑥𝑘 + 𝑣𝑒 ,  𝑒𝐴Δ𝑡 ҧ𝑥𝑘 + 𝑣𝑒 }

Pre-computed
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• Obstacle avoidance:

ℛ 𝑘,𝑘+1 𝒳𝑘 ⊆ CH{ ҧ𝑥𝑘 + 𝑣𝑒 + 𝑣𝑏 ,  𝑒𝐴Δ𝑡 ҧ𝑥𝑘 + 𝑣𝑒 + 𝑣𝑏}

𝛿𝑘
⊺ 𝟙 ≥ 1,

𝑃⊗
𝑗

ҧ𝑥𝑘 + 𝑣𝑒 + 𝑣𝑏 ≥ 𝑝⊗
𝑗

,

𝑃⊗
𝑗

𝑒𝐴Δ𝑡 ҧ𝑥𝑘 + 𝑣𝑒 + 𝑣𝑏 ≥ 𝑝⊗
𝑗

𝜂𝑘
𝑗 : slack variable to relax constraints

ℛ 𝑘,𝑘+1

𝒪j

𝛿𝑘: binary variable (active constraint selector)

𝛿𝑘
⊺ 𝟙 ≥ 1,

SOS−1: {𝛿𝑘
𝑗
, 𝜂𝑘

𝑗
},

𝑃⊗
𝑗

ҧ𝑥𝑘 + 𝑣𝑒 + 𝑣𝑏 + 𝜂𝑘
𝑗

≥ 𝑝⊗
𝑗

,

𝑃⊗
𝑗

𝑒𝐴Δ𝑡 ҧ𝑥𝑘 + 𝑣𝑒 + 𝑣𝑏 + 𝜂𝑘
𝑗

≥ 𝑝⊗
𝑗

Vertices outside of active constraints
Vertices can violate inactive constraints

𝑎𝑖  𝑥 <  𝑏𝑖

𝑎𝑖  𝑥 >  𝑏𝑖
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A feasible and computationally tractable solution to Problem 1 can be obtained by finding the optimal ത𝑢𝑘  at 
each time step as the solution to the following optimization problem:

min
ҧ𝑥𝑘, ҧ𝑥𝑟, 𝑥𝑘

𝑚, 𝑢𝑘
𝑚, ഥ𝑢𝑘, 𝛿𝑘, 𝜂𝑘

𝐽 ҧ𝑥, ത𝑢, ҧ𝑥𝑟 = ෍

𝑘=0

𝑁−1

ℓ ҧ𝑥𝑘 , ത𝑢𝑘 , ҧ𝑥𝑟 + 𝑉𝑓 ҧ𝑥𝑁 , ҧ𝑥𝑟  

   s.t. 

Theorem 1 (Continuous-Time Tube-based MPC)

𝑄0 ҧ𝑥0 ≤ 𝑞0, 𝑄𝑓 ҧ𝑥𝑟 ≤ 𝑞𝑓 , 𝑄𝑓 ҧ𝑥𝑁 ≤ 𝑞𝑓 ,

ҧ𝑥𝑘+1 = 𝐴𝑑 ҧ𝑥𝑘 + 𝐵𝑑 ത𝑢𝑘 + 𝑓𝑑 ,
𝑄𝑢 ത𝑢𝑘 ≤ 𝑞𝑢 , ||ത𝑢𝑘||𝑝 ≤ 𝑢𝑘

𝑚 ∀𝑘 ∈ ℤ𝑁−1
0

∀𝑘 ∈ ℤ𝑁−1
0 ,

∀𝑗 ∈ ℤ𝑁⊗

+ ,

∀𝑣𝑒 ∈ 𝑉𝑒𝑟𝑡{𝒮 ⊕ ℰ},

∀𝑣𝑏 ∈ 𝑉𝑒𝑟𝑡{□𝑝 𝑐𝑏 𝑥𝑘
𝑚, 𝑢𝑘

𝑚 }

ҧ𝑥𝑘 + 𝑣𝑒 𝑝 ≤ 𝑥𝑘
𝑚,

𝑃𝑥 ҧ𝑥𝑘 + 𝑣𝑒 + 𝑣𝑏 ≤ 𝑝𝑥 ,

𝑃𝑥 𝑒𝐴Δ𝑡 ҧ𝑥𝑘 + 𝑣𝑒 + 𝑣𝑏 ≤ 𝑝𝑥 ,

𝛿𝑘
⊺ 𝟙 ≥ 1, 𝑆𝑂𝑆 − 1: {𝛿𝑘

𝑗
, 𝜂𝑘

𝑗
},

𝑃⊗
𝑗

ҧ𝑥𝑘 + 𝑣𝑒 + 𝑣𝑏 + 𝜂𝑘
𝑗

≥ 𝑝⊗
𝑗

,

𝑃⊗
𝑗

𝑒𝐴Δ𝑡 ҧ𝑥𝑘 + 𝑣𝑒 + 𝑣𝑏 + 𝜂𝑘
𝑗

≥ 𝑝⊗
𝑗

Nominal dynamics

State

Obs avoidance

Nominal input
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• Dynamics (Double Integrator):

ሶ𝑥 𝑡 = 𝐴𝑥 𝑡 + 𝐵𝑢 𝑡 + 𝑊𝑤 𝑡  
𝑧𝑘 = 𝐶𝑥𝑘 + 𝐷𝑢𝑘 + 𝑉𝑣𝑘

𝐴 =

0 1 0 0

0 −
𝐷𝑥

𝑀
0 0

0 0 0 1

0 0 0 −
𝐷𝑦

𝑀

𝐵 = 𝑊 =

0 0
1

𝑀
0

0 0

0
1

𝑀

𝐶 =
1 0 0 0
0 0 1 0

𝑉 =
1 0
0 1
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Without Reachability With Reachability

Single Obstacle Multiple Obstacles

Without Reachability With Reachability
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• We presented
• A rigorous time-discretization
• Reachability analysis with polytopes and a tighter bound
• Tube-based MPC with inter-sample reachability analysis in a non-convex environment

• Future Work:
• Extension to nonlinear systems
• Trade-off between sample time and the size of reachable sets
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